The sigma-model of closed strings spinning in the η-deformation of AdS 5 × S 5 leads to an integrable deformation of the one-dimensional Neumann-Rosochatius mechanical system. In this article we construct general solutions to this system that can be written in terms of elliptic functions. The solutions correspond to closed strings with non-constant radii rotating with two different angular momenta in an η-deformed three-sphere. We analyse the reduction of the elliptic solutions for some limiting values of the deformation parameter. For the case of solutions with constant radii we find the dependence of the classical energy of the string on the angular momenta as an expansion in the 't Hooft coupling.
Introduction
The identification of the sigma-model of bosonic strings spinning in AdS 5 × S 5 with the Neumann and the Neumann-Rosochatius systems was one of the first steps towards the uncovering of the integrable structure underlying the AdS/CFT correspondence [1] . The
Neumann system is an integrable model of harmonic oscillators restricted to move on a sphere. The case of the Neumann-Rosochatius system includes an additional centrifugal barrier term. The equivalence of the spinning string ansatz to the Neumann and the Neumann-Rosochatius integrable systems allowed a beautiful description of quite general string configurations in terms of solutions to these mechanical models and proved useful to find their energies as functions of their spins and angular momenta, which lead to very precise comparisons with the corresponding gauge theory duals (see [2] for a review).
A natural problem is the extension of the spinning string ansatz to the study of strings rotating in less symmetric backgrounds that preserve integrability. The integrable deformations of the sigma-model of type IIB strings on AdS 5 × S 5 can be divided in three different classes, referred to as η-deformations [3] , λ-deformations [4] and deformations of solutions to the classical Yang-Baxter equation [5] . In the case of the η-deformation, the spinning string ansatz was shown to lead to a deformation of the Neumann system in [6] , where both the deformations of the Lax connection and the Uhlenbeck integrals of motion were computed. More recently, the η-deformation of the complete Neumann-Rosochatius system has been found in [7] , and the problem of geodesic motion on the η-deformed two-sphere has been shown to be superintegrable [8] . In this article, we will continue the analysis of the η-deformed Neumann-Rosochatius system by constructing a general set of solutions by integration of the problem in terms of Jacobian elliptic functions (additional solutions corresponding to various string configurations in η-deformed AdS 5 × S 5 have been studied before using diverse approaches in references [9] - [17] ).
The remaining part of the article is organised as follows. In section 2 we will introduce the η-deformation of the Neumann-Rosochatius system. We will consider the case of a closed string rotating with two different angular momenta in an η-deformed three-sphere.
In section 3 we will employ the Uhlenbeck constants of the system to write the equations of motion of the problem in terms of an elliptic curve. We will find a general class of solutions with non-constant radii that can be written in terms of Jacobi elliptic functions. We will study the reduction of these elliptic solutions for some limiting values of the deformation parameter of the system. We conclude in section 4 with some remarks on our results and a discussion on some related problems. We include an appendix where we recover the solutions that we have obtained for limiting values of the η-deformation by taking the corresponding limit directly at the Lagrangian.
The η-deformed Neumann-Rosochatius system
In this article we will be interested in finding solutions to the η-deformed NeumannRosochatius system. These solutions will correspond to closed strings rotating in the η-deformation of AdS 5 × S 5 . But before addressing the general problem in the η-deformed system we will first briefly review the spinning string ansatz in the absence of a deformation.
For simplicity we will restrict the dynamics of the string to rotation in a three-sphere. We will thus take the ansatz Y 1 = Y 2 = 0 and Y 3 + iY 0 = e iw 0 τ , together with
where Y j and X k are, respectively, the embedding coordinates of AdS 3 and S 3 , and we have chosen
2) with i = 1, 2. As we are going to study closed string solutions, the radial functions and the angles must satisfy the periodicity conditions
where m i are integer numbers that act as winding numbers. When we enter this ansatz in the Polyakov action in the conformal gauge we find the Lagrangian [1]
where the prime stands for derivatives with respect to σ and Λ is a Lagrange multiplier.
This is the Lagrangian of the Neumann-Rosochatius integrable system, which describes a set of oscillators with a centrifugal barrier constrained to move on a sphere. The equations of motion are 5) where the v i are some integration constants and the Virasoro constraints read
The energy and the angular momenta J i of the string are
The integrability of the Neumann-Rosochatius system follows from the existence of two integrals of motion I 1 and I 2 in involution, called the Uhlenbeck constants. The Uhlenbeck constants were first found in [18] for the case of the Neumann model, which corresponds to the choice v i = 0. In the case of the Neumann-Rosochatius system, for arbitrary values of the constants v i , they are given by [1]
It is immediate to check that these integrals are constrained by the relation I 1 + I 2 = 1.
We will now move to the case of a spinning string in the η-deformation of AdS 5 ×S 5 . In particular we will restrict again our analysis to the motion on the deformed sphere. In this case, the spinning string ansatz (2.1) and (2.2) leads to the Lagrangian of the η-deformed
Neumann-Rosochatius system [6] ,
where we have written the deformation parameter in terms of κ = 2η/(1 − η 2 ). It is immediate to write down the complete equations of motion for the radial and angular coordinates coming from this Lagrangian. However in this article we will only be interested in the case of a string spinning on an η-deformed three-sphere. Therefore, rather than presenting the general set of equations we will focus on how we should perform a consistent reduction to capture the dynamics on the deformed three-sphere. We can clarify this by inspecting the equation of motion for x 3 , which is given by
We see that x 3 = 0 is a solution independently of the behaviour of the other two coordinates. This means that setting x 3 = 0 is a consistent truncation from the η-deformed five-sphere to an η-deformed three-sphere. 1 The Lagrangian simplifies to
The equations of motion for the radial coordinates are given by
12)
and for the angles we find
14)
The Virasoro constraints become 16) and the energy and the angular momenta are given now by
We can prove that integrability remains a symmetry of the system after the η-deformation by constructing a deformationĨ i of the Uhlenbeck constants which makes them constants 1 Note that this is not the only reduction that we can perform to obtain a consistent truncation from
η . For instance, from the equation of motion for x 1 ,
r ,
2 ), we conclude that the choice x 1 = 0 provides indeed another possible truncation. When we set x 1 = 0 the Lagrangian becomes
which can be easily seen to be equivalent to the one for the x 3 = 0 truncation.
of motion again. To find this deformation we are going to assume that 18) and impose thatĨ ′ 1 = 0. By doing this we find that
where we have made use of the equations of motion (2.12) and (2.13). We can easily integrate this relation to get
where we have set an overall integration constant to 1. We can proceed in the same way to obtain the function h. We finally conclude that
We can follow an identical reasoning to derive the deformation of the second Uhlenbeck constant, which turns to verify the extended closure relationĨ 1 +Ĩ 2 = 1.
Spinning string solutions
We will now focus on the construction of general solutions to the η-deformed NeumannRosochatius system corresponding to non-constant radii strings rotating in S 3 η . We will first introduce an ellipsoidal coordinate [19] , defined as the root of the equation
If we assume that ω 1 < ω 2 , then the ellipsoidal coordinate will vary from ω 2 1 to ω 2 2 . When we replace the radial coordinates by the ellipsoidal one in the equations of motion we are left with a second-order differential equation for ζ. But we can more conveniently reduce the problem to the study of a first-order equation by writing the Uhlenbeck constant in terms of the ellipsoidal coordinate [1] . We find that
where P 4 (ζ) is the fourth-order polynomial
We can solve this equation if we change variables to
which transforms equation (3.2) into
where we have defined ζ ij = ζ i − ζ j and η 2 i = ζ i4 /ζ 34 . The solution to this equation can be written in terms of the Jacobi elliptic sine, 6) where the elliptic modulus is given by
and σ 0 is an integration constant that we can set to zero by performing a rotation. Therefore we conclude that
Now we could use this expression to write the energy as a function of the winding numbers and the angular momenta. However, the first step in this direction, which is finding the winding numbers and the momenta in terms of the integration constants v i and the angular frequencies ω i , already leads to complicated integrals. Instead of following this path, which leads to cumbersome and non-illuminating expressions, in what follows we will analyse the problem in some interesting regimes of the deformation parameter. Upon inspection of the polynomial (3.3) it is clear that there are two limits that simplify the evaluation of the roots, namely κ = ∞ and κ = i. 3 The fate of the deformed ten-dimensional background in each of these limits has been studied in reference [21] . In the case where κ = ∞ the deformed ten-dimensional metric is T-dual to de Sitter space times the hyperboloid, dS 5 ×H 5 , which can also be understood as a flipped double Wick rotation of AdS 5 ×S 5 . On the other hand, in the limit of imaginary deformation, κ = i, the deformed ten-dimensional metric turns into a pp-wave type background.
We will study first the case where κ = ∞. To analyze this limit we will consider two different possible choices of our physical parameters. We will first set v 2 = ω 1 = 0. With this choice, the roots of (3.3) become
Therefore in the κ = ∞ limit one of the roots goes to (minus) infinity and the degree of the polynomial reduces to three. In order to take the limit at the level of the solution, we need to make sure that we can send ζ 1 to minus infinity in a controlled way. This requires writing equation (3.8) in the form
. (3.10)
After some manipulations we conclude that
which when we enter explicitly the remaining roots becomes
where we have made use of the closure of the η-deformed Uhlenbeck constants,Ĩ 1 +Ĩ 2 = 1.
In the appendix we will study this solution in some detail, and find an expansion for its energy in terms of the angular momentum.
The second interesting choice of parameters in the κ = ∞ limit is ω 2 = v 1 = v 2 = 0.
In this case the roots become 13) and the degree of the polynomial is again reduced to three. The solution is given by which when we enter the roots (3.13) turns into
where we have made use of the relation sn(u, m) = sn( √ mu,
We must note that this solution contains four different regimes. In the cases where eitherĨ 1 ≥ 1 or
we have to analytically continue the x 2 coordinate to ix 2 . On the contrary, the region where 0 <Ĩ 1 < 1 requires the continuation of the x 1 coordinate instead. Finally, in the region with −1/κ 2 <Ĩ 1 < 0 we are left with a circular solution, which completely disappears in the limit κ = ∞, where the sphere gets deformed into the hyperboloid [21] .
We will now move to the study of the κ = i limit. In this limit the contribution from the constant v 1 is negligible and ω 1 reduces to a shift in the Uhlenbeck constant. Therefore ω 2 and v 2 are the only relevant free parameters. Again, we will consider two different cases.
We will first set v 2 = 0. In this case the roots of (3.3) behave like
Upon substitution and after some immediate algebra we find
We will next consider the case with ω 2 = 0, where the roots are given by
where we have kept ω 1 = 0 to avoid the need to redefineĨ 1 . After some immediate algebra we conclude that
Now we can eliminate the ω 1 factor by the redefinition v 2 =ṽ 2 ω 1 . As we have noted above, this is a consequence of the fact that the term encoding the dependence on ω 2 1 in the Uhlenbeck integral becomes a constant in the κ = i limit, making it a dummy variable.
We must point out that although the solutions for v 2 = 0 and ω 2 = 0 seem completely different, they are deeply related. This relation is not explicit from point of view of the Uhlenbeck constant, but it will be evident once we have written the Lagrangian associated to each limit. We will explore this connection in the Appendix.
To conclude this section, we will consider the case where the radii are taken to be constant, which allows to obtain the energy of the string as an expansion in the 't Hooft coupling and the angular momentum for arbitrary values of the deformation parameter.
When we set to zero the derivatives in the equations of motion and solve for the Lagrange multiplier we find that
We can rewrite this expression as
where we have used the constraint x 
for the radial coordinates, and
for the angular frequencies, where for convenience we have defined k = √ 1 + κ 2 . Using now equation (2.15) it is immediate to write the dispersion relation,
In the absence of deformation, this expression reduces to the expansion for the energy of a circular string rotating in a three-sphere with two different angular momenta [1] .
Conclusions
In this article we have constructed a general class of solutions to the η-deformed NeumannRosochatius system. The solutions that we have found correspond to closed strings with non-constant radii rotating with two different angular momenta in an η-deformed threesphere. The solutions can be written in terms of Jacobian elliptic functions. We have studied the problem for some limiting values of the η-deformation, which allow to reduce the degree of the polynomial of the elliptic surface. In particular, we have considered the limit η = 1, where the deformed AdS 5 × S 5 target space becomes dS 5 × H 5 , and the limit where η = i, which corresponds to a string moving in a pp-wave type background. We have also solved the case of strings with constant radii as an expansion in the 't Hooft coupling and the total angular momentum for arbitrary values of the deformation parameter.
There are several interesting directions that can be followed to extend our analysis.
An immediate one is the study of closed strings spinning in the complete η-deformed fivesphere, or in the complete background. The hyperelliptic curve solving the problem in this higher dimensional case should again get reduced for the η = 1 and η = i limiting values. A more appealing problem comes from the relation between different integrable deformations of AdS 5 × S 5 . In fact, the η-deformation that we have considered in this article can be recovered from the λ-deformation by performing a scaling limit together with an analytical continuation of the coordinates when the deformation parameters are adequately identified [21, 22] . It would be worthwhile to investigate the meaning of our solutions and of the η-deformation of the Neumann-Rosochatius system from the point of view of the λ-deformation (see reference [23] for a related recent discussion on this point). 
A Appendix
In this Appendix we will analyse the solutions that we have constructed in this article in the cases where κ = ∞ and κ = i by performing the corresponding limit directly at the level of the Lagrangian. In order to deal with this problem it will be useful to think of the change of variables that brings the kinetic term in the deformed Lagrangian to canonical form, which is given by x 2 = sn (φ, −κ 2 ). In the variable φ the Lagrangian turns into
In the limit κ = i the change of variables reduces to x 2 = tanh φ, together with x 1 = sech φ, and thus the Lagrangian becomes
where we have shifted the Lagrangian by a constant to rewrite the term associated with v with a hyperbolic secant instead of a hyperbolic cotangent. To find the limit κ = ∞ we need to transform the elliptic sine, because its fundamental domain is defined when the elliptic modulus is contained between 0 and 1. We will write
Therefore the change of variables is given by κ x 2 = sinh κφ = sinhφ, which leads to
Both limits lead thus to the same kind of Lagrangian, although with different coefficients in front of the potential terms. In what follows we will treat both of them simultaneously.
However, even in these limiting cases the Lagrangian is not easy to handle unless some additional simplifications are performed. These simplifications will come from various convenient choices of the physical parameters entering the problem. We will start by considering the easiest choice of parameters on the Lagrangian, which is that where only the potential with the square of the hyperbolic sine survives. Then
with α a constant which will depend on which of the two limits we are taking. The equation of motion is then
and can be solved in terms of the Jacobi amplitude,
where c is a constant that has to be fixed by imposing periodicity of x i (we have made use again of our freedom in the choice of σ to eliminate an additional integration constant).
Note that in general, depending on the sign of α 2 + c, we find two different solutions.
We will now focus on the limit κ = ∞. In this case the solutions are given by
Note that in both cases we have to analytically continue to hyperbolic space. This is in agreement with the results obtained in [21] , where in the limit κ = ∞ the deformed sphere becomes a hyperboloid. We must however stress that the periodicity condition for each 6 The extra term (v solution is different. This is because the real periodicity of the sn 2 function is given by 2K(m) while its imaginary periodicity is 2iK(1 − m), where K(x) is the complete elliptic integral of first kind. Furthermore, the presence of the Jacobi sc(u, m) function in the case where α 2 + c < 0 leads to a divergence when evaluating the angular momentum, so from now on we will only consider relation (A.8). This case corresponds to solution (3.12) once
which in general has no analytical solution. However, as α 2 grows like κ 2 we can assume that c/α 2 is small enough to perform a series expansion in both sides of the equality. Then if we recall now that
we find
where W(x) is the Lambert W function. In fact, it is easy to check that our assumption becomes true very fast, because when n = 10 and α 2 = 200 we already have c/α 2 ≈ 0.0014. Now, as we need to set v 2 = ω 1 = 0 to bring the Lagrangian to the form (A.5), we have J 1 = m 2 = 0 and therefore we only need to compute the angular momentum, 13) and the winding number,
where we have used the periodicity condition to simplify both expressions, and E(x) and Π(n, x) are, respectively, the complete elliptic integrals of the second and the third kind.
If we take now the large α 2 limit, we conclude that
where we have used that the first elliptic integral diverges at x = 1, while the second elliptic integral goes to 1. The winding number can also be expanded as . Note that for the formula to have the correct sign we needĨ 1 ≤ 1, which is equivalent to the condition ω 
